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Note 
Mean Ergodic Flows 
1. IKTR~DUCTI~N 
Let X be a Banach space and let T(t) (t 3 0) be a locally integrable 
semigroup of bounded linear transformations in X-that is, (a) T(0) = f; 
(b) 7’(s + t) = T(s) T(t); (c) the Bochner integral J-E T(t)x dt exists for 
every finite interval [a, 61 C [0, GO) and every x in X. (For general 
background see Dunford and Schwartz [l]. Among propositions estab- 
lished there is that T(.) is actually strongly continuous on (0, ‘w), but we 
make no use of this particular result.) Let 
A(+ = a-1 [A qqsat (a > 0, s E X). 
‘” 
Then it is known (cf. [I, p. 6X5]) that the A(a) are bounded linear 
transformations in X. The purpose of this paper is to show that the 
necessary and sufficient conditions of Masani [3] for the existence of 
s-lim,,, A(a) (strong operator limit) follow immediately from a special- 
ization of our 1949 abstract ergodic theorem [2, Theorem 3.11. The 
author is indebted to Professor Masani for a preprint of [3] and further 
correspondence. 
DEFINITION. Let A,, > 0. Then the net [A(cu): OL > q,] is a family of 
almost invariant integrals in the sense of [2] for the abelian semigroup 
S = [T(t): t 3 0] if 
(I) For every ,v E *Y and Y ,> #I,, , .A(tx)x lies in the closed convex 
hull of Ss. 
(II) SUP& .,\O (I Awl < z. 
(III) s-lim,,,, [T(s)A(Y) ~-- ,4(&u))- = s-lim,,, jA(ir)T(s) - A(z); = 0 
for every s > 0. 
Remarks. That condition (I) is automatically satisfied for every 
.I > 0 is well knovvn. (Proof. It is sufficient to show that if .f~ X* and 
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Sf(T(t)x) < c for t 3 0, then S?f(A(or)x) < c. But S?j(A(ol)x) = 
Lx -IS2 $f( T(t)x) dt = a-l l; 9f( T(t)x) dt < a-l J; c dt = c.) 
That some o(,, > 0 exists for which condition (II) is satisfied is obviously 
equivalent to the hypothesis I&,,, I/ A(a)11 < co. But then any 01~ > 0 
works, since /I A( *)I/ is always b ounded on any closed finite interval 
[a r , aa] C (0, CO). (Proof. Apply the uniform boundedness theorem to 
the following trivial inequality: If 0 < (or < CY < 01~ < co, then 
11 01-l j; T(t)x dt 11 < al1 J;” Ij T(t)x j/ dt.) 
We now turn to condition (III). Note first that T(s)A(a) = A(a)?(s) 
for all s and 01. In fact, if x E X and s 3 0 one has T(s) A(LY)X = 
A(a)T(s)x = a-l j; T(s) T(t)xdt = 01-l J; T(s+t)xdt = 01-l J;+’ T(u)xdu = 
a-l SE+’ T(u)x du - 01-l sg T(u)x du. Clearly -a-r Ji T(u)x du = O(a-l) 
(a + co). 
Now write z-l J:+’ = u-l Jt + a:-l Jz+’ to obtain 
(*I T(s) A(+ = A(+ + dT(ol) j-’ T(t)x dt + O(a+). 
0 
If one writes 01-l JtsS = ((a + s)/a)(a + s)-l J-i” one obtains 
(**I T(s) A(+ = + A(” + s)x + O(a-1). 
A complete analysis of condition (III) is now implicit in the following 
simple result: 
PROPOSITION 1. (a) A NAS condition that lima+m{ T(s)A(ol)x - A(ol)x} = 0 
is that lim,,, cy -‘T(a) J; T(t)x dt = 0. 
(b) A sz@cient condition that lim,,,(T(s)A(ol)x - A(ol)x) = 0 is 
that y = lim,,, A(LX)X exist. 
Proof. (a) follows immediately from (*). To establish (b) let 01 + CQ 
in (**) to obtain T(s) y = y. But then lim,,,{T(s)A(a)x - A(ol)x} = 
T(s) y - y = 0. 
COROLLARY. A NAS condition that (III) hold is that 
(III’) I~,‘* lim a-lT(ol) s 
’ T(t)x dt = 0 (s > 0, x E X). 
0 
A sz@cient condition for (III) to hold is that s-lim,,, A(a) exist-i.e., 
(III) or (III’) is a necessary condition that s-lim,,, A(a) exist. 
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We note in passing that the Dunford-Schwartz condition 
s-lim,,, ~-lT(ol) = 0 [I, p. 6871 is clearly sufficient for the validity of 
(III’). 
Our analysis of the special net A(U) along the lines of our paper [2] 
(cf. [2, p. 2241 f or a similar example) is now complete. What remains is 
simply to apply our 1949 abstract ergodic theorem. 
2. MEAN ERGODIC THEORY 
The following is a specialization of Theorem 3.1 of our paper [2] to 
the particular net A(E). 
THEOREM 1. Let the net [A(a): a: > CYJ be a family of almost invariant 
integrals for S = [T(t): t 3 01. Let x E X. Then the following conditions 
on an element y E X are equivalent: 
(1) y = lim,,, A(cu)s 
(2) y is a weak cluster point of the net A(ol)x. 
We shall also need the elementary standard result that if Tol(ol E A) is 
any net of bounded linear transformations in X with sup, /I T, 11 -C co, 
then the convergence set r = [x: Km,, T,x exists] is a closed subspace 
of x. 
The heart of Masani’s Theorem I [3] is now an immediate 
COROLLARY. NAS conditions that s-lim,_,, A(R) exist are: 
(a) iii%,-,, /I A(cf)[l < us. 
(p) For each x in a fundamental subset D of X there exists a sequence 
an --j m such that y = w-limn+,fi A(all)x exists. 
(y) For eveIcy 3~ E X and s > 0 lim,.,, ol-‘T(n) J-i T(t)x dt = 0. 
Proof. SuJiciency . By the remarks of Section 1, (a) and (y) = (III’) 
imply that A( ) a: is a net of almost invariant integrals for N 3 any a0 > 0. 
But then (p) and Theorem I imply that y = lim,_, A(ol)x exists for 
every x in the fundamental set D. Hence the closed subspace r =m: 
[x: Em&+% A(N)x exists] = X. 
Necessity. (a) clearly follows from the uniform boundedness theorem 
applied to sequences ~1, --f a. (p) is trivially necessary. The necessity of 
(y) = (III’) is part of the Corollary to Proposition 1. 
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There are two other parts to Masani’s Theorem I relating to the 
decomposition of the ergodic subspace r into dissipative and invariant 
pieces, but these are the routine parts of any mean ergodic theoren-in 
fact, they are mostly a specialization of [2, Theorem 4.11. Masani’s 
Theorem II for the limit CL+ Of, however, seems to fall outside the 
scope of the above circle of ideas. 
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